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ON MANIN’S CONJECTURE FOR A CERTAIN SINGULAR
CUBIC SURFACE OVER IMAGINARY QUADRATIC FIELDS
ULRICH DERENTHAL AND CHRISTOPHER FREI
Abstract. We prove Manin’s conjecture over imaginary quadratic number
fields for a cubic surface with a singularity of type E6.
Contents
1. Introduction 1
2. The circle problem 4
3. An improved second summation 7
4. Passage to a universal torsor 9
5. Summations 11
6. Proof of the main theorem 14
References 15
1. Introduction
Central questions in the arithmetic of cubic surfaces over number fields are the
existence and distribution of rational points on them. It is known that the Hasse
principle holds for singular cubic surfaces over number fields [Sko55], but may fail for
smooth cubic surfaces over Q [SD62, §2]. Weak approximation may fail for smooth
and singular cubic surfaces; see [SD62, §3] for the first singular example over Q.
Failures of the Hasse principle and weak approximation are explained by Brauer–
Manin obstructions [Man71] in all known examples, but it remains open whether
the Brauer–Manin obstruction to the Hasse principle and weak approximation is
the only one for all cubic surfaces.
Manin’s conjecture makes a precise prediction of the quantitative behavior of
rational points on cubic surfaces and, more generally, Fano varieties. In fact, nu-
merical experiments for a cubic surface [FMT89, Appendix] played a central role in
Manin’s first formulation of this conjecture. For a cubic surface S ⊂ P3K containing
at least one rational point over a number field K, Manin’s conjecture predicts that
the number of rational points of Weil height H(x) bounded by B
NU,H(B) := |{x ∈ U(K) | H(x) ≤ B}|
on the complement U of the lines in S behaves asymptotically, for B →∞, as
NU,H(B) = cS,HB(logB)
ρ−1(1 + o(1)),
where ρ is the rank of the Picard group of (the minimal desingularization of) S,
and the leading constant cS,H > 0 has an explicit interpretation due to Peyre
[Pey95, Pey03] and Batyrev–Tschinkel [BT98b].
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Central techniques to prove Manin’s conjecture are harmonic analysis in case of
varieties that are equivariant compactifications of algebraic groups [BT98a, CLT02],
the circle method in case of varieties defined by forms in many variables [Bir62,
Pey95], and universal torsors [CTS87, Sal98] for varieties without such a special
structure. For cubic surfaces, one may alternatively use conic fibrations to param-
eterize rational points.
For many years the only cubic surfaces for which Manin’s conjecture could be
proved were forms of the cubic surface defined by the equation
x30 = x1x2x3, (1.1)
of singularity type 3A2 (as special cases of [BT98a, Sal98]; see [Fre13] for references
to articles giving other proofs of Manin’s conjecture for this particular surface). The
reason is that it is toric, so that on the one hand, it is accessible to the harmonic
analysis method, and on the other hand, its universal torsor is particularly simple
[Cox95].
However, no other cubic surface is an equivariant compactification of an algebraic
group [DL10, DL13]. Furthermore, cubic surfaces are clearly out of reach of the
circle method. The conic fibration approach gave the best available upper bounds
NU,H(B)≪ B4/3+ǫ for certain smooth cubic surfaces over Q [HB97]. The universal
torsor approach led to the proof of Manin’s conjecture over Q for the cubic surface
defined by
x20x2 + x1x
2
2 + x
3
3 = 0 (1.2)
with an E6 singularity [BBD07], based on the computation of its Cox ring [HT04]
and analytic number theory. Proofs of Manin’s conjecture over Q via universal
torsors for several further cubic surfaces followed, overcoming new obstacles in
each case (singularity types D5 [BD09], 2A2 + A1 [LB12], A5 + A1 [BD13], D4
[LB13]).
Recently, we started to generalize the universal torsor approach from Q to other
number fields. This is inspired by the work of Schanuel [Sch79], which can be
interpreted as the proof of Manin’s conjecture for projective spaces over arbitrary
number fields via universal torsors.
Our first step was to revisit the toric singular cubic surface defined by (1.1) using
universal torsor techniques (with Janda [DJ13] over imaginary quadratic fields of
class number 1, [Fre13] over arbitrary number fields).
Our second step was to go beyond toric varieties over imaginary quadratic fields.
The testing ground were certain del Pezzo surfaces of higher degree (just as over Q,
where the investigation of Manin’s conjecture beyond equivariant compactifications
of algebraic groups and forms in many variables started with smooth quintic [Bre02]
and singular quartic [BB07] del Pezzo surfaces). In [DF13a], we developed the
necessary techniques over imaginary quadratic fields in some generality and applied
them to a first example, and in [DF13b] we showed that they apply to some other
singular quartic del Pezzo surfaces. While our general techniques apply in principle
to del Pezzo surfaces of arbitrary degree, they do not provide sufficiently strong
bounds for the error terms to prove Manin’s conjecture for any cubic surface.
Our third step is to prove here that Manin’s conjecture holds over an arbitrary
imaginary quadratic field K for the cubic surface S ⊂ P3K of type E6 defined by
(1.2), continuing the investigations from [BBD07].
Theorem 1.1. Let K ⊂ C be an imaginary quadratic field. Let S be the cubic
surface over K of type E6 defined by (1.2), and let U be the complement of the line
L = {x2 = x3 = 0} in it. For B ≥ 3, we have
NU,H(B) = cS,HB(logB)
6 +O(B(logB)5 log logB),
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where H is the usual exponential Weil height, and
cS,H :=
1
6220800
· (2π)
7h7K√|∆K |9|O×K |7 ·
∏
p
(
1− 1
Np
)7(
1 +
7
Np
+
1
Np2
)
· ω∞(S˜).
Here, ∆K is the discriminant, hK the class number, |O×K | the number of units in
the ring of integers OK of K, p runs over all nonzero prime ideals of OK , and Np
is the absolute norm of p, while
ω∞(S˜) :=
12
π
∫
‖z0z21‖∞,‖z20z1+z32‖∞,‖z31‖∞,‖z21z2‖∞≤1
dz0 dz1 dz2
is a complex integral, with bounds defined via ‖z‖∞ = zz for z ∈ C.
The implied constant in the error term is allowed to depend on K. Theorem 1.1
agrees with Manin’s conjecture since S is split over K, hence its minimal desingu-
larization S˜ has a Picard group of rank 7.
We present the proof of Theorem 1.1 in Sections 4–6: First, the rational points
of bounded height on U are parameterized by integral points on universal torsors
over S˜, subject to some coprimality- and height conditions. Then, these points on
the universal torsors are counted by means of analytic number theory, in several
summations, one for each coordinate. The main challenge here is the treatment of
the error terms.
One key analytic ingredient is the following variant of the Gauß circle problem
where, in addition, the center is summed over quadratic residues modulo an ideal
q of OK . This is proved in Section 2 and may be of independent interest. Let ωK
and φK denote the prime divisor function and Euler’s φ-function on the nonzero
ideals of OK . Moreover, we write φ∗K(a) := φK(a)/Na.
Theorem 1.2. Let a, q be nonzero ideals of OK , α ∈ OK with a+ q = αOK + q =
OK , and ǫ > 0. Then, for t ≥ 0,∑
ρ mod q
ρOK+q=OK
∑
z∈a
z≡αρ2 mod q
‖z‖∞≤t
1 =
2πφ∗K(q)√|∆K |Na t+Oǫ
((
t
Na
)1/3
Nq1/3+ǫ + 2ωK(q)Nq1/2
)
.
Here, ρ runs over a reduced residue system of OK modulo q.
Just summing the (naive) error terms of the inner sum over ρ would yield the total
error O((tNq/Na)1/2 +Nq), which is insufficient for our applications. If K = Q(i),
q = a = Z[i], Theorem 1.2 gives the Gauß circle problem with Sierpin´ski’s [Sie06]
classical error term O(t1/3) and an additional error O(1) to take care of small t. If
q 6= Z[i], α = 1, Theorem 1.2 can be interpreted as counting only quadratic residues
modulo q in the circle problem.
To obtain a sufficiently strong error term, we use Poisson summation. Additional
difficulties arise from the fact that we do not only need error cancellation in terms
of the circle’s radius, but also in terms of the norm of q. To this end, we estimate
quadratic exponential sums over K. This new approach leads, in particular, to a
crucial improvement of the general treatment of the second summation in [DF13a,
Section 6]; see Section 3.
1.1. Notation. As in [DF13a], we use the following notation. Let C be a fixed
system of integral representatives for the ideal classes of the ring of integers OK .
The symbol p always denotes a nonzero prime ideal of OK , and products indexed
by p are understood to run over all such prime ideals. We say that x ∈ K is defined
(resp. invertible) modulo an ideal a of OK if vp(x) ≥ 0 (resp. vp(x) = 0) for all
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p | a, where vp is the usual p-adic valuation. For x, y defined modulo a, we write
x ≡a y if vp(x− y) ≥ vp(a) for all p | a.
We write IK for the monoid of nonzero ideals of OK and µK for the Mo¨bius
function on IK . For a fractional ideal a of OK , we write a 6=0 := ar {0}.
The implied constants in Vinogradov’s ≪- and Landau’s O-notation may de-
pend on K and on ǫ > 0. Additional dependencies are indicated by appropriate
subscripts.
Acknowledgements. The first-named author was supported by grants DE 1646/2-
1 and DE1646/3-1 of the Deutsche Forschungsgemeinschaft. The second-named
author was partially supported by a research fellowship of the Alexander von Hum-
boldt Foundation.
2. The circle problem
In this section, we prove Theorem 1.2. We identify C with R2 and use the inner
product 〈a + bi, c+ di〉 := ac+ bd. For a lattice Λ ⊂ C, we denote its dual lattice
with respect to 〈·, ·〉 by
Λ∗ = {w ∈ C | 〈v, w〉 ∈ Z for all v ∈ Λ}.
If Λ ⊂ K then the dual lattice with respect to the trace pairing is denoted by
Λ∨ = {w ∈ K | TrK|Q(vw) ∈ Z for all v ∈ Λ}.
Since 〈v, w〉 = Tr(vw/2), we have Λ∗ = 2Λ∨, and if Λ = q is a fractional ideal of
K then q∨ and q∗ are as well, namely q∨ = q−1D−1K , q∗ = 2q−1D−1K , where DK
denotes the different of K (over Q). We will apply the Poisson summation formula
with respect to 〈·, ·〉 and estimate exponential sums with respect to Tr(·). The
above paragraph shows how to translate between the two pairings.
The following two lemmas adapt the result of [Hua51] on exponential sums over
number fields to our needs.
Lemma 2.1. Let q be a nonzero ideal of OK and let w ∈ q∨. Then, for ǫ > 0,∑
β mod q
e2πiTr(wβ
2) ≪ N(wqDK + q)1/2−ǫNq1/2+ǫ.
Proof. Let a := w(q∨)−1 and d := a+ q. Then all β ∈ qd−1 satisfy
w · β2 ∈ aq∨ · qd−1 = (ad−1)q∨q ⊂ D−1K = O∨K ,
so Tr(wβ2) ∈ Z. Therefore, the summand depends only on β mod qd−1 and we
obtain ∑
β mod q
e2πiTr(wβ
2) = Nd
∑
β mod qd−1
e2πiTr(wβ
2).
Now wDK = aq−1 = ad−1/(qd−1). Since the numerator and denominator of this
expression are relatively prime, we can apply [Hua51, Theorem 1] to obtain the
upper bound
≪ NdN(qd−1)1/2+ǫ = Nd1/2−ǫNq1/2+ǫ. 
Lemma 2.2. Let q be a nonzero ideal of OK and w ∈ q∨. Then, for ǫ > 0,∑
β mod q
βOK+q=OK
e2πiTr(wβ
2) ≪ N(wqDK + q)1/2−ǫNq1/2+2ǫ.
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Proof. Let
W :=
∑
β mod q
βOK+q=OK
e2πiTr(wβ
2) =
∑
a|q
µK(a)
∑
β mod q
β∈a
e2πiTr(wβ
2).
Let xa ∈ a such that xaa−1 + qa−1 = OK . Then y + qa−1 7→ xay + q defines an
isomorphism OK/(qa−1)→ a/q. Hence, using Lemma 2.1,
W =
∑
a|q
µK(a)
∑
β0 mod qa−1
e2πiTr(wx
2
aβ
2
0
)
≪
∑
a|q
|µK(a)|N(wx2aqa−1DK + qa−1)1/2−ǫN(qa−1)1/2+ǫ.
SinceN(wx2aqa
−1DK+qa−1) ≤ Na−1N(x2aOK+q)N(wqDK+q) ≤ NaN(wqDK+q),
we obtain
W ≪ N(wqDK + q)1/2−ǫNq1/2+ǫ
∑
a|q
|µK(a)|Na−2ǫ ≪ N(wqDK + q)1/2−ǫNq1/2+2ǫ.

Lemma 2.3. Let a be a nonzero fractional ideal of K. Then there is an R-linear
map ϕ : C→ C with ϕ(Z[i]) = a such that for all v ∈ R2 we have
Na ‖v‖∞ ≪ ‖ϕ(v)‖∞ ≪ Na ‖v‖∞ .
Proof. By [Cas97, Lemma VIII.1, Lemma V.8], there exists a basis w1, w2 of a with
|wi| = λi, where λ1 ≤ λ2 are the successive minima of a (with respect to the unit
ball). Define ϕ by ϕ(1) = w1, ϕ(i) = w2. Clearly, its operator norm |ϕ| is bounded
by 2λ2. Together with the inequality |ϕ−1| ≤ 2λ2/ det a (see, e.g., the proof of
[DF13a, Lemma 3.3]), this gives(
det a
2λ2
)2
‖v‖∞ ≤ ‖ϕ(v)‖∞ ≤ (2λ2)2 ‖v‖∞ .
Minkowski’s second theorem and the fact that λ1 ≥
√
Na (see, e.g., [MV07, Lemma
5]) imply that λ2 ≪
√
Na and det a/(λ2)≫
√
Na. 
Proof of Theorem 1.2. Denote the left-hand side by Z. If t < 4
√
NqNa then
Z ≪ 2ωK(q)
∑
z∈a
‖z‖∞≤t
1 ≤ 2ωK(q)
∑
z∈a
‖z‖∞≤4
√
NqNa
1≪ 2ωK(q)
√
Nq,
so the lemma holds. We assume from now on that t ≥ 4√NqNa. Define
δ :=
Nq1/3Na2/3
t1/6
<
√
t/2.
Let α′ ∈ OK with α′ ≡ 0 mod a and α′ ≡ α mod q. By the Chinese remainder
theorem, we have
Z =
∑
ρ mod q
ρOK+q=OK
∑
v∈aq
χt1/2D(v + α
′ρ2), (2.1)
where χrD is the characteristic function of the disc
rD := {z ∈ R2 | |z| ≤ r}.
Let ψ : R2 → [0,∞) be a bump function for D, that is, ψ ∈ C∞(R2), ψ(z) = 0
for z 6∈ D, and ∫
R2
ψ dz = 1, and write ψδ(z) := δ
−2ψ(δ−1z). Then ψδ is a bump
function for δD. We define
F±δ := χ(t1/2±δ)D ∗ ψδ,
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where ∗ denotes the usual convolution of functions. Then F±δ are Schwartz functions
and
F−δ (z) ≤ χt1/2D(z) ≤ F+δ (z) for all z ∈ R2. (2.2)
Using (2.1), (2.2), and the Poisson summation formula, we obtain
1
det(aq)
∑
w∈(aq)∗
F̂−δ (w)S(w) ≤ Z ≤
1
det(aq)
∑
w∈(aq)∗
F̂+δ (w)S(w) (2.3)
where F̂±δ is the Fourier transform of F
±
δ and
S(w) :=
∑
ρ mod q
ρOK+q=OK
e2πi〈α
′ρ2,w〉.
By properties of the Fourier transform,
F̂±δ (w) = (
√
t± δ)2χ̂D((
√
t± δ)w)ψ̂(δw).
Clearly, χ̂D(0) = π, ψ̂(0) = 1, and S(0) = φK(q), so the summands corresponding
to w = 0 in the upper and lower bound from (2.3) are
π(
√
t± δ)2φK(q)
det(aq)
=
2πφ∗K(q)t√|∆K |Na +O
(√
tδ
Na
)
=
2πφ∗K(q)t√|∆K |Na +O
((
Nqt
Na
)1/3)
.
This gives the correct main term and an acceptable error term. To prove the
theorem, we need to bound the sums
(
√
t± δ)2
det(aq)
∑
w∈(aq)∗
w 6=0
χ̂D((
√
t± δ)w)ψ̂(δw)S(w). (2.4)
For |w| > 0, it is well known that
χ̂D(w) = |w|−1J1(2π|w|)≪ |w|−1 min{1, |w|−1/2} ≤ |w|−3/2,
where J1 is the first-order Bessel function of the first kind. Moreover, ψ̂ is a
Schwartz function, so
ψ̂(w)≪ min{1, |w|−1}.
Hence, the sums in (2.4) are
≪ t
1/4
N(aq)
∑
w∈(aq)∗
w 6=0
|w|−3/2 min{1, (δ|w|)−1}|S(w)|
≪ t
1/4
N(aq)
∑
w∈(aq)∨
w 6=0
|w|−3/2 min{1, (δ|w|)−1}|S(2w)|.
Since wα′ ∈ (aq)∨a = q∨, we can apply Lemma 2.2 to bound
S(2w) =
∑
ρ mod q
ρOK+q=OK
e2πiTr(wα
′ρ2) ≪ N(wα′qDK + q)(1−ǫ)/2Nq1/2+ǫ.
This allows us to bound the sums in (2.4) by
≪ t
1/4
NaNq1/2−ǫ
∑
b|q
Nb(1−ǫ)/2
∑
w∈(aq)∨,w 6=0
wα′qDK+q=b
|w|−3/2 min{1, (δ|w|)−1}.
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Now wα′qDK = w((aq)∨)−1α′a−1 and α′a−1 + q = OK , so the conditions under
the inner sum imply w ∈ (aq)∨b = (aq/b)∨, and we further estimate
≪ t
1/4
NaNq1/2−ǫ
∑
b|q
Nb(1−ǫ)/2
∑
w∈(aq/b)∨,w 6=0
|w|−3/2 min{1, (δ|w|)−1}.
For each b | q, let ϕb : C→ C be a map as in Lemma 2.3 with ϕb(Z[i]) = (aq/b)∨.
Then the above expression is
=
t1/4
NaNq1/2−ǫ
∑
b|q
Nb(1−ǫ)/2
∑
v∈Z[i],v 6=0
|ϕb(v)|−3/2 min{1, (δ|ϕb(v)|)−1}
≪ t
1/4Nq1/4+ǫ
Na1/4
∑
b|q
Nb−1/4−ǫ/2
 ∑
v∈Z[i],v 6=0
|v|−3/2 min
{
1,
(NaNq)1/2
δ|v|
}
≪ t
1/4Nq1/4+2ǫ
Na1/4
 ∑
v∈Z[i]
1≤|v|≤(NaNq)1/2δ−1
|v|−3/2 + (NaNq)
1/2
δ
∑
v∈Z[i]
|v|>(NaNq)1/2δ−1
|v|−5/2

≪ t
1/4Nq1/4+2ǫ
Na1/4
· (NaNq)
1/4
δ1/2
=
(
t
Na
)1/3
Nq1/3+2ǫ. 
3. An improved second summation
In this section, we use Theorem 1.2 to obtain an improved error term in [DF13a,
Proposition 6.1] (for n = 2). To this end, let us briefly recall the setup from there:
We consider a nonzero fractional ideal O of K, a nonzero ideal q of OK , and
A ∈ K with vp(AO) = 0 for all prime ideals p dividing q.
Let ϑ : IK → R be a function satisfying∑
a∈IK
Na≤t
|(ϑ ∗ µK)(a)| ·Na≪ cϑt(log(t+ 2))C (3.1)
for all t > 0, with constants cϑ > 0 and C ≥ 0. We write
A(ϑ(a), a, q) :=
∑
a∈IK
a+q=OK
(ϑ ∗ µK)(a)
Na
.
For 1 ≤ t1 ≤ t2, we consider a function g : [t1, t2] → R for which there exists a
partition of [t1, t2] into at most R(g) intervals on whose interior g is continuously
differentiable and monotonic. Moreover, with constants cg > 0 and a ≤ 0, we
assume that
|g(t)| ≪ cgta on [t1, t2]. (3.2)
In [DF13a, Proposition 6.1], we proved an asymptotic formula for the sum
S(t1, t2) :=
∑
z∈O 6=0
t1<N(zO−1)≤t2
ϑ(zO−1)
∑
ρ mod q
ρOK+q=OK
ρ2≡qAz
g(N(zO−1)).
Here, we improve the error terms to obtain the following result.
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Proposition 3.1. Let ǫ > 0. Under the above assumptions, we have
S(t1, t2) =
2π√|∆K |φ∗(q)A(ϑ(a), a, q)
∫ t2
t1
g(t) dt
+O(cϑcg(Nq
1/3+ǫE1 + 2ωK(q)Nq1/2E2)),
where
E1 ≪a,C R(g)
{
supt1≤t≤t2(t
a+1/3) if a 6= −1/3,
log(t2 + 2) if a = −1/3,
and
E2 ≪a,C R(g)
{
ta1 log(t1 + 2)
C+1 if a 6= 0,
log(t2 + 2)
C+1 if a = 0.
Moreover, the same formula holds if, in the definition of S(t1, t2), the range t1 <
N(zO−1) ≤ t2 is replaced by t1 ≤ N(zO−1) ≤ t2.
The proof is analogous to the proof of [DF13a, Proposition 6.1], except that we
use the lemma below instead of [DF13a, Lemma 6.4].
Lemma 3.2. Let a, q be ideals of OK and let α ∈ OK with a+q = αOK+q = OK ,
and ǫ > 0. Then, for t ≥ 0,∑
ρ mod q
ρOK+q=OK
∑
z∈a6=0
z≡αρ2 mod q
‖z‖∞≤tNa
ϑ(za−1) =
2π√|∆K |φ∗K(q)A(ϑ(b), b, q)t
+OC
(
cϑ
(
t1/3Nq1/3+ǫ + 2ωK(q)Nq1/2 log(t+ 2)C+1
))
.
Proof. We proceed similarly to the proof of [DF13a, Lemma 6.4]. Let L be the
expression on the left-hand side. Then
L =
∑
Nb≤t
(ϑ ∗ µK)(b)
∑
ρ mod q
ρOK+q=OK
∑
z∈ab 6=0
z≡αρ2 mod q
‖z‖∞≤tNa
1.
The inner sum is zero whenever b+ q 6= OK and can be estimated by Theorem 1.2
otherwise. Hence,
L =
∑
Nb≤t
b+q=OK
(ϑ ∗ µK)(b)
(
2πφ∗K(q)t√|∆K |Nb +O
((
t
Nb
)1/3
Nq1/3+ǫ + 2ωK(q)Nq1/2
))
.
This gives the main term in the lemma plus an error term ≪
t
∑
Nb>t
|(ϑ ∗ µK)(b)|
Nb
+t1/3Nq1/3+ǫ
∑
Nb≤t
|(ϑ ∗ µK)(b)|
Nb1/3
+2ωK(q)Nq1/2
∑
Nb≤t
|(ϑ∗µK)(b)|.
The first part is ≪C cϑ log(t+ 2)C , the second part is ≪C cϑt1/3Nq1/3+ǫ, and the
third part is ≪C cϑ2ωK(q)Nq1/2 log(t+ 2)C+1. 
Proof of Proposition 3.1. With
ϑ˜(a) := ϑ(a)
∑
z∈O 6=0
zO−1=a
∑
ρ mod q
ρOK+q=OK
ρ2≡qAz
1,
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we have
S(t1, t2) =
∑
a∈[O−1]∩IK
t1<Na≤t2
ϑ˜(a)g(Na).
Let A1 ∈ O−1, A2 ∈ OK , such that A = A1/A2 and A1O + q = A2OK + q = OK .
Then, for t ≥ 0,∑
a∈[O−1]∩IK
Na≤t
ϑ˜(a) =
∑
ρ mod q
ρOK+q=OK
∑
z∈O 6=0
A1z≡A2ρ2 mod q
N(zO−1)≤t
ϑ(zO−1)
=
∑
ρ mod q
ρOK+q=OK
∑
A1z∈A1O 6=0
A1z≡A2ρ2 mod q
N(A1z(A1O)−1)≤t
ϑ(A1z(A1O)−1).
By Lemma 3.2, the last expression is
2πφ∗(q)A(ϑ(b), b, q)√|∆K | t+OC
(
cϑ
(
t1/3Nq1/3+ǫ + 2ωK(q)Nq1/2 log(t+ 2)C+1
))
,
so the proposition follows from [DF13a, Lemma 2.10]. 
4. Passage to a universal torsor
Our parameterization of K-rational points on the cubic surface S defined by
(1.2) derived via [DF13a, Section 4] from the description of the Cox ring of its
minimal desingularization S˜ [HT04, Der13].
E10 ●●
E7 76540123E4 76540123E5
❈❈
❈
E8 76540123E1 76540123E3 76540123E6
E9
✇✇ 76540123E2
④④④
Figure 1. Configuration of curves on S˜.
For any given C = (C0, . . . , C6) ∈ C7, we define uC := N(C30C−11 · · ·C−16 ) and
O1 := C1C−12 , O2 := C0C−11 C−12 C−13 , O3 := C2C−13 ,
O4 := C5C−16 , O5 := C4C−15 , O6 := C3C−14 ,
O7 := C6, O8 := C0C−11 , O9 := C0,
O10 := C30C−11 C−12 C−13 C−14 C−15 C−16 .
(4.1)
Let
Oj∗ :=
{
O 6=0j , j ∈ {1, . . . , 7},
Oj , j ∈ {8, 9, 10}.
For ηj ∈ Oj , we define
Ij := ηjO−1j .
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For B ≥ 0, let R(B) be the set of all (η1, . . . , η9) ∈ C9 with η4η5η7 6= 0 and∥∥η21η32η43η44η55η66η37∥∥∞ ≤ B, (4.2)∥∥η21η22η33η24η35η46η7η8∥∥∞ ≤ B, (4.3)∥∥η1η22η23η4η25η36η9∥∥∞ ≤ B, (4.4)∥∥∥∥η21η3η38 + η2η29η24η5η37
∥∥∥∥
∞
≤ B. (4.5)
Moreover, let MC(B) be the set of all
(η1, . . . , η10) ∈ O1∗ × · · · × O10∗
that satisfy the height conditions
(η1, . . . , η9) ∈ R(uCB), (4.6)
the torsor equation
η21η3η
3
8 + η2η
2
9 + η
2
4η5η
3
7η10 = 0, (4.7)
and the coprimality conditions
Ij + Ik = OK for all distinct nonadjacent vertices Ej , Ek in Figure 1. (4.8)
Lemma 4.1. Let K be an imaginary quadratic field. Then
NU,H(B) =
1
|O×K |7
∑
C∈C7
|MC(B)|.
Proof. The lemma is a special case of [DF13a, Claim 4.1], which we prove by proving
first [DF13a, Claim 4.2], starting from the curves E
(0)
9 = {y0 = 0}, E(0)2 := {y1 =
0}, E(0)8 := {y2 = 0}, E(0)10 := {−y20y1−y32 = 0} in P2K , for the sequence of blow-ups
(1) blow up E
(0)
2 ∩ E(0)8 ∩E(0)10 , giving E(1)1 ,
(2) blow up E
(1)
1 ∩ E(1)2 ∩E(1)10 , giving E(2)3 ,
(3) blow up E
(2)
2 ∩ E(2)3 ∩E(2)10 , giving E(3)6 ,
(4) blow up E
(3)
6 ∩ E(3)10 , giving E(4)5 ,
(5) blow up E
(4)
5 ∩ E(4)10 , giving E(5)4 ,
(6) blow up E
(5)
4 ∩ E(5)10 , giving E(6)7 ,
With the inverse π ◦ ρ−1 : P2K 99K S of the projection ρ ◦ π−1 : S 99K P2K ,
(x0 : · · · : x4) 7→ (x0 : x2 : x3) given by
(y0 : y1 : y2) 7→ (y0y21 : −y20y1 − y32 : y31 : y21y2),
and the map Ψ from [DF13a, Claim 4.2] sending (η1, . . . , η10) to
(η1η
2
2η
2
3η4η
2
5η
3
6η9, η10, η
2
1η
3
2η
4
3η
4
4η
5
5η
6
6η
3
7 , η
2
1η
2
2η
3
3η
2
4η
3
5η
4
6η7η8),
we see that the requirements of [DF13a, Lemma 4.3] are satisfied, so [DF13a, Claim
4.2] holds for i = 0.
We apply [DF13a, Remark 4.5] for steps (1), (2), (3). For (1), we define η′′1 ∈ C1
with [I ′2 + I
′
8 + I
′
10] = [C
−1
1 ] such that I
′′
1 = I
′
2 + I
′
8 + I
′
10. We use the relation
η′′21 η
′′3
8 + η
′′
2 η
′′2
9 + η
′′
10 = 0 to check the coprimality conditions for η
′′
1 , η
′′
2 , η
′′
8 , η
′′
10,
namely I ′′2 + I
′′
8 = OK (this holds because of the relation and I ′′2 + I ′′8 + I ′′10 = OK
by construction) and I ′′1 + I
′′
8 + I
′′
10 = OK (this holds because of the relation and
I ′′2 + I
′′
8 + I
′′
10 = OK by construction and the coprimality condition I ′′1 + I ′′9 = OK
provided by the proof of [DF13a, Lemma 4.4]).
For (2), we define η′′3 ∈ C2 with [I ′1+I ′2+I ′10] = [C−12 ] such that I ′′3 = I ′1+I ′2+I ′10.
The relation is η′′21 η
′′
3 η
′′3
8 + η
′′
2η
′′2
9 + η
′′
10 = 0. We check the coprimality conditions
I ′′1 + I
′′
2 = OK (this holds because of the relation and I ′′1 + I ′′2 + I ′′10 = OK by
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construction) and I ′′1 + I
′′
10 = OK (this holds because of the relation and I ′′1 + I ′′2 =
OK as just shown and I ′′1 + I ′′9 = OK as before).
For (3), we define η′′6 ∈ C3 with [I ′2+I ′3+I ′10] = [C−13 ] such that I ′′6 = I ′2+I ′3+I ′10.
The relation is η′′21 η
′′
3 η
′′3
8 + η
′′
2η
′′2
9 + η
′′
10 = 0. We check the coprimality conditions
I ′′2 + I
′′
3 = OK (this holds because of the relation and I ′′2 + I ′′3 + I ′′10 = OK by
construction), I ′′2 + I
′′
10 = OK (this holds because of the relation and I ′′2 + I ′′3 =
OK as just shown I ′′1 + I ′′2 = OK as before and I ′′2 + I ′′8 = OK as before) and
I ′′3 + I
′′
10 = OK (this holds because of the relation and I ′′2 + I ′′10 = OK as just shown
and I ′′3 + I
′′
9 = OK by the proof of [DF13a, Lemma 4.4]).
For (4), (5), (6), we can apply [DF13a, Lemma 4.4]. This proves [DF13a, Claim
6.2], and we deduce [DF13a, Claim 6.1] as in [DF13a, Lemma 9.1]. 
5. Summations
5.1. The first summation over η9 with dependent η10. Let η
′ := (η1, . . . , η8)
and I′ := (I1, . . . , I8). Let θ0(I′) :=
∏
p θ0,p(Jp(I
′)), with Jp(I′) := {j ∈ {1, . . . , 8} :
p | Ij} and
θ0,p(J) :=

1 if J = ∅, {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}
or J = {1, 3}, {1, 8}, {2, 6}, {3, 6}, {4, 5}, {4, 7}, {5, 6}
0 otherwise.
Then θ0(I
′) = 1 if and only if I1, . . ., I8 satisfy the coprimality conditions from
(4.8), and θ0(I
′) = 0 otherwise.
Lemma 5.1. We have
|MC(B)| = 2√|∆K |
∑
η′∈O1∗×···×O8∗
θ9(η
′,C)V9(NI1, . . . ,NI8;B) +OC(B(logB)2),
where
V9(t1, . . . , t8;B) :=
1
t24t5t
3
7
∫
(
√
t1,...,
√
t8,η9)∈R(B)
dη9.
Moreover,
θ9(η
′,C) :=
∑
kc|I4I5I6
kc+I2I3=OK
µK(kc)
Nkc
θ˜9(I
′, kc)
∑
ρ mod kcI
2
4
I5I
3
7
ρOK+kcI24I5I37=OK
ρ2≡
kcI
2
4
I5I
3
7
η8A
1,
with
θ˜9(I
′, kc) := θ0(I′)
φ∗K(I1I3I6)
φ∗K(I6 + kcI5)
.
Here, A = A(η2, . . . , η7) := −η3/(t2η2), for a t = t(η4, η5, η6, η7) ∈ K× such that
tO1O8O−19 is a prime ideal not dividing I4I5I6I7. Moreover, η8A is invertible
modulo kcI
2
4I5I
3
7 whenever θ0(I
′) 6= 0.
Proof. For fixed η1, . . . , η8, the first summation estimates the number of η9, η10
with (η1, . . . , η10) ∈ MC(B). This is considered in general in [DF13a, Proposition
5.3], which we apply with the following data: (A1, A2, A0) = (3, 1, 8), (B1, B0) =
(2, 9), (C1, C2, C3, C0) = (5, 4, 7, 10), D = 6, and uCB instead of B. Moreover, we
define Π2 = Π2(η4, η5, η6, η7) := η1η8t and Π1 = Π1(η4, η5, η6, η7) := η3η8t
−2, so
η21η3η
3
8 = Π1Π
2
2. We obtain a main term, which is the one given in the statement
of this lemma, and an error term, which we still need to sum over η1, . . . , η8.
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Let us consider the error term. For given η′, the set of all η9 with (η1, . . . , η9) ∈
R(uCB) is contained in two balls of radius
R(η′;uCB)≪C
{
(B3N(I24 I5I
3
7 )
3/N(I21I
2
2I3I
3
8 ))
1/8 if η8 6= 0
(B/N(I1I
2
2 I
2
3I4I
2
5I
3
6 ))
1/2 if η8 = 0.
If η8 6= 0 this follows from taking the geometric mean of both expressions in the
minimum in [DF13a, Lemma 3.5, (1)] applied to (4.5). If η8 = 0 then it follows
from (4.4). Thus, the error term is
≪
∑
η′, (5.2), (5.3)
2ωK(I1I3I6)+ωK(I4I5I6)+ωK(I4I5I6I7)
(
R(η′;uCB)
N(I24I5I
3
7 )
1/2
+ 1
)
, (5.1)
where, using (4.2) and (4.3), the sum runs over all η′ ∈ O1∗ × · · · × O7∗ with
N(I21 I
3
2I
4
3I
4
4 I
5
5I
6
6I
3
7 ) ≤ B, and (5.2)
N(I21 I
2
2I
3
3I
2
4I
3
5 I
4
6I7I8) ≤ B. (5.3)
The sum of the first term of (5.1) over all η′ with η8 6= 0 is bounded by
≪C
∑
I′, (5.3)
2ωK(I1I3I6)+ωK(I4I5I6)+ωK(I4I5I6I7)B3/8
(NI21NI
2
2NI3NI
2
4NI5NI
3
7NI
3
8 )
1/8
≪
∑
I1,...,I7
NIj≤B
2ωK(I1I3I6)+ωK(I4I5I6)+ωK(I4I5I6I7)B
NI
3/2
1 NI
3/2
2 NI
2
3NI
3/2
4 NI
2
5NI
5/2
6 NI7
≪ B(logB)2,
and the sum of the second term of (5.1) over all η′ with η8 6= 0 is bounded by
≪C
∑
I′, (5.3)
2ωK(I1I3I6)+ωK(I4I5I6)+ωK(I4I5I6I7)
≪
∑
I1,...,I7
NIj≤B
2ωK(I1I3I6)+ωK(I4I5I6)+ωK(I4I5I6I7)B
NI21NI
2
2NI
3
3NI
2
4NI
3
5NI
4
6NI7
≪ B(logB)2.
The sum of the first term of (5.1) over all η′ with η8 = 0 is bounded by
≪C
∑
I1,...,I7
(5.2)
2ωK(I1I3I6)+ωK(I4I5I6)+ωK(I4I5I6I7)B1/2
(NI1NI22NI
2
3NI
3
4NI
3
5NI
3
6NI
3
7 )
1/2
≪
∑
I2,...,I7
NIj≤1
2ωK(I3I6)+ωK(I4I5I6)+ωK(I4I5I6I7)B3/4 logB
NI
7/4
2 NI
2
3NI
5/2
4 NI
11/4
5 NI
3
6NI
9/4
7
≪ B3/4 logB,
and the sum of the second term of (5.1) over all η′ with η8 = 0 is bounded by
≪C
∑
I1,...,I7
(5.2)
2ωK(I1I3I6)+ωK(I4I5I6)+ωK(I4I5I6I7)
≪
∑
I2,...,I7
NIj≤1
2ωK(I3I6)+ωK(I4I5I6)+ωK(I4I5I6I7)B1/2 logB
NI
3/2
2 NI
2
3NI
2
4NI
5/2
5 NI
3
6NI
3/2
7
≪ B1/2 logB. 
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5.2. The second summation over η8.
Lemma 5.2. Write η′′ := (η1, . . . , η7) and O′′ := O1∗ × · · · × O7∗. We have
MC(B) =
(
2√|∆K |
)2 ∑
η′′∈O′′
A(θ′9(I′), I8)V98(NI1, . . . ,NI7;B)
+OC(B(logB)
2),
where, for t1, . . . , t7 ≥ 1,
V98(t1, . . . , t7;B) :=
π
t24t5t
3
7
∫
(
√
t1,...,
√
t8,η9)∈R(B)
dt8 dη9,
with a real variable t8 and a complex variable η9.
Proof. We follow the strategy described in [DF13a, Section 6] in the case b0 ≥ 2,
except that we use Proposition 3.1 instead of [DF13a, Proposition 6.1]. We write
MC(B) =
2√|∆K |
∑
η′′∈O′′
∑
kc|I4I5I6
kc+I2I3=OK
µ(kc)
Nkc
Σ+OC(B(logB)
2),
where
Σ :=
∑
η8∈O8∗
ϑ(I8)
∑
ρ mod kcI
2
4
I5I
3
7
ρOK+kcI24 I5I37=OK
ρ2≡
kcI
2
4
I5I
3
7
η8A
g(NI8),
with ϑ(I8) := θ˜9(I
′, kc) and g(t) := V9(NI1, . . . ,NI7, t;B).
By [DF13a, Lemma 5.5, Lemma 2.2], the function ϑ satisfies (3.1) with C := 0,
cϑ := 2
ωK(I2I3I4I5I6I7). By (4.3), we have g(t) = 0 if t > t2 := B/N(I
2
1I
2
2 I
3
3I
2
4I
3
5I
4
6 I7),
and, using Lemma [DF13a, Lemma 3.5, (2)] applied to (4.5), we have g(t) ≪
B1/2/(NI
1/2
2 NI4NI
1/2
5 NI
3/2
7 ). By Proposition 3.1, we obtain
Σ =
2π√|∆K |φ∗K(kcI24I5I37 )A(ϑ(a), a, kcI24I5I37 )
∫
t≥1
g(t) dt+O(ϑ(0)g(0))
+O
(
2ωK(I2I3I4I5I6I7)B1/2
N(I2I24I5I
3
7 )
1/2
(
B1/3N(kcI
2
4I5I
3
7 )
1/3+ǫ
N(I21I
2
2I
3
3 I
2
4I
3
5I
4
6I7)
1/3
+
2ωK(kcI4I5I7) logB
N(kcI24I5I
3
7 )
−1/2
))
.
Clearly,
∫ 1
0
g(t) dt and the error term O(ϑ(0)g(0)) are dominated by the other error
term. Using [DF13a, Lemma 6.3] we see that the main term in the lemma is correct.
For the error term, we may sum over kc and over the ideals Ij instead of the ηj ,
since |O×K | <∞. By (4.2), it suffices to sum over kc and all (I1, . . . , I7) satisfying
NI21NI
3
2NI
4
3NI
4
4NI
5
5NI
6
6NI
3
7 ≤ B. (5.4)
Thus, the total error is bounded by the sum of∑
I1,...,I7
(5.4)
22ωK(I2I3I4I5I6I7)B5/6
NI
2/3
1 NI
7/6
2 NI3NI
1−2ǫ
4 NI
7/6−ǫ
5 NI
4/3
6 NI
5/6−3ǫ
7
≪
∑
I2,...,I7
NIj≤B
22ωK(I2I3I4I5I6I7)B
NI
5/3
2 NI
5/3
3 NI
5/3−2ǫ
4 NI
2−ǫ
5 NI
7/3
6 NI
4/3−3ǫ
7
≪ B
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(whenever ǫ < 1/9; we choose ǫ := 1/18) and∑
I1,...,I7
(5.4)
23ωK(I2I3I4I5I6I7)B1/2 logB
NI
1/2
2
≪
∑
I2,...,I7
NIj≤B
23ωK(I2I3I4I5I6I7)B logB
NI22NI
2
3NI
2
4NI
5/2
5 NI
3
6NI
3/2
7
≪ B logB. 
Lemma 5.3. If I′′ runs over all seven-tuples (I1, . . . , I7) of nonzero ideals of OK
then we have
NU,H(B) =
(
2√|∆K |
)2∑
I′′
A(θ′9(I′), I8)V98(NI1, . . . ,NI7;B)+O(B(logB)5).
Proof. This is analogous to [DF13a, Lemma 9.4]. 
5.3. The remaining summations.
Lemma 5.4. We have
NU,H(B) =
(
2√|∆K |
)9(
hK
|O×K |
)7∏
p
(
1− 1
Np
)7(
1 +
7
Np
+
1
Np2
)
V0(B)
+O(B(logB)5 log logB),
where
V0(B) :=
∫
(η1,...,η9)∈R(B)
‖η1‖∞,...,‖η7‖∞≥1
1
‖η24η5η37‖∞
dη1 · · · dη9,
with complex variables η1, . . . , η9.
Proof. By [DF13a, Lemma 3.5, (5)] applied to (4.5), we have
V98(t1, . . . , t7;B)≪ B
5/6
t
2/3
1 t
1/2
2 t
1/3
3 t
1/3
4 t
1/6
5 t
1/2
7
=
B
t1 · · · t7
(
B
t21t
3
2t
4
3t
4
4t
5
5t
6
6t
3
7
)−1/6
.
We apply [DF13a, Proposition 7.3] with r = 6 and use polar coordinates. 
6. Proof of the main theorem
Let α(S˜) := 16220800 and recall the definitions of ω∞(S˜) from Theorem 1.1 andR(B) from (4.2)–(4.5).
Lemma 6.1. Define
V ′0(B) :=
∫
(η1,...,η9)∈R(B)
‖η1‖∞, ‖η3‖∞, ‖η4‖∞, ‖η5‖∞, ‖η6‖∞, ‖η7‖∞≥1‖η21η43η44η55η66η37‖∞≤B
1
‖η24η5η37‖∞
dη1 · · · dη9,
where η1, . . . , η9 are complex variables. Then
π7α(S˜)ω∞(S˜)B(logB)6 = 4V ′0(B). (6.1)
ON MANIN’S CONJECTURE FOR A CERTAIN SINGULAR CUBIC SURFACE 15
Proof. Let η1, η3, η4, η5, η6, η7 ∈ Cr{0}, B > 0, and l := (B
∥∥η1η23η54η45η36η67∥∥∞)1/2.
Let η2, η8, η9 be complex variables. We apply the coordinate transformation z0 =
l−1/3 · η9, z1 = l−1/3η1η23η34η35η36η37 · η2, z2 = l−1/3 · η1η3η4η5η6η7 · η8 to ω∞(S˜) and
obtain
ω∞(S˜) =
12
π
‖η1η3η4η5η6η7‖∞
B
∫
(η1,...,η9)∈R(B)
1
‖η24η5η37‖∞
dη2 dη8 dη9. (6.2)
Since the negative curves [E1], . . . , [E7] generate the effective cone of S˜, and
[−KS˜] = [2E1 + 3E2 + 4E3 + 4E4 + 5E5 + 6E6 + 3E7], [DF13a, Lemma 8.1] gives
α(S˜)(logB)6 =
1
3π6
∫
‖η1‖∞,‖η3‖∞,...,‖η7‖∞≥1‖η21η43η44η55η66η37‖∞≤B
dη1 dη3 dη4 dη5 dη6 dη7
‖η1η3η4η5η6η7‖∞
. (6.3)
The lemma follows by substituting (6.2) and (6.3) in (6.1). 
To complete the proof of Theorem 1.1, we compare V0(B) defined in Lemma 5.4
with V ′0(B) defined in Lemma 6.1. Starting from V0(B), we can add the condition∥∥η21η43η44η55η66η37∥∥∞ ≤ B and remove ‖η2‖∞ ≥ 1 with negligible error. Indeed, adding
the condition
∥∥η21η43η44η55η66η37∥∥∞ ≤ B to the domain of integration for V0(B) does
not change the result. Using [DF13a, Lemma 3.5, (3)] applied to (4.5) to bound
the integral over η8, η9, we see that V
′
0(B)− V0(B) is
≪
∫
‖η1‖∞,‖η3‖∞,...,‖η7‖∞≥1, ‖η2‖∞<1‖η21η43η44η55η66η37‖∞≤B
B5/6
‖η41η32η23η24η5η37‖1/6∞
dη1 · · · dη7 ≪ B(logB)5.
Using Lemma 5.4 and Lemma 6.1, this implies Theorem 1.1.
References
[BB07] R. de la Brete`che and T. D. Browning. On Manin’s conjecture for singular del Pezzo
surfaces of degree four. II. Math. Proc. Cambridge Philos. Soc., 143(3):579–605, 2007.
[BBD07] R. de la Brete`che, T. D. Browning, and U. Derenthal. On Manin’s conjecture for a
certain singular cubic surface. Ann. Sci. E´cole Norm. Sup. (4), 40(1):1–50, 2007.
[BD09] T. D. Browning and U. Derenthal. Manin’s conjecture for a cubic surface with D5
singularity. Int. Math. Res. Not. IMRN, (14):2620–2647, 2009.
[BD13] S. Baier and U. Derenthal. Quadratic congruences on average and rational points on
cubic surfaces, arXiv:1205.0373v2, 2013.
[Bir62] B. J. Birch. Forms in many variables. Proc. Roy. Soc. Ser. A, 265:245–263, 1961/1962.
[Bre02] R. de la Brete`che. Nombre de points de hauteur borne´e sur les surfaces de del Pezzo de
degre´ 5. Duke Math. J., 113(3):421–464, 2002.
[BT98a] V. V. Batyrev and Yu. Tschinkel. Manin’s conjecture for toric varieties. J. Algebraic
Geom., 7(1):15–53, 1998.
[BT98b] V. V. Batyrev and Yu. Tschinkel. Tamagawa numbers of polarized algebraic varieties.
Aste´risque, (251):299–340, 1998. Nombre et re´partition de points de hauteur borne´e
(Paris, 1996).
[Cas97] J. W. S. Cassels. An introduction to the geometry of numbers. Classics in Mathematics.
Springer-Verlag, Berlin, 1997. Corrected reprint of the 1971 edition.
[CLT02] A. Chambert-Loir and Yu. Tschinkel. On the distribution of points of bounded height
on equivariant compactifications of vector groups. Invent. Math., 148(2):421–452, 2002.
[Cox95] D. A. Cox. The homogeneous coordinate ring of a toric variety. J. Algebraic Geom.,
4(1):17–50, 1995.
[CTS87] J.-L. Colliot-The´le`ne and J.-J. Sansuc. La descente sur les varie´te´s rationnelles. II. Duke
Math. J., 54(2):375–492, 1987.
[Der13] U. Derenthal. Singular Del Pezzo surfaces whose universal torsors are hypersurfaces.
Proc. Lond. Math. Soc. (3), to appear, arXiv:math.AG/0604194v3, 2013.
[DF13a] U. Derenthal and C. Frei. Counting imaginary quadratic points via universal torsors.
Compositio Math., to appear, arXiv:1302.6151v2, 2013.
[DF13b] U. Derenthal and C. Frei. Counting imaginary quadratic points via universal torsors, II.
Math. Proc. Cambridge Philos. Soc., to appear, arXiv:1304.3352v1, 2013.
16 ULRICH DERENTHAL AND CHRISTOPHER FREI
[DJ13] U. Derenthal and F. Janda. Gaussian rational points on a singular cubic surface. in
Torsors, e´tale homotopy and applications to rational points – Proceedings of the ICMS
workshop in Edinburgh, 10-14 January 2011 in London Mathematical Society Lecture
Note Series, 405:210–231, 2013.
[DL10] U. Derenthal and D. Loughran. Singular del Pezzo surfaces that are equivariant com-
pactifications. Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI),
377(Issledovaniya po Teorii Chisel. 10):26–43, 241, 2010.
[DL13] U. Derenthal and D. Loughran. Equivariant compactifications of two-dimensional alge-
braic groups. Proc. Edinb. Math. Soc. (2), to appear, arXiv:1212.3518v2, 2013.
[FMT89] J. Franke, Yu. I. Manin, and Yu. Tschinkel. Rational points of bounded height on Fano
varieties. Invent. Math., 95(2):421–435, 1989.
[Fre13] C. Frei. Counting rational points over number fields on a singular cubic surface. Algebra
Number Theory, 7(6):1451–1479, 2013.
[HB97] D. R. Heath-Brown. The density of rational points on cubic surfaces. Acta Arith.,
79(1):17–30, 1997.
[HT04] B. Hassett and Yu. Tschinkel. Universal torsors and Cox rings. In Arithmetic of higher-
dimensional algebraic varieties (Palo Alto, CA, 2002), volume 226 of Progr. Math.,
pages 149–173. Birkha¨user Boston, Boston, MA, 2004.
[Hua51] L.-K. Hua. On exponential sums over an algebraic number field. Canadian J. Math.,
3:44–51, 1951.
[LB12] P. Le Boudec. Manin’s conjecture for a cubic surface with 2A2 +A1 singularity type.
Math. Proc. Cambridge Philos. Soc., 153(3):419–455, 2012.
[LB13] P. Le Boudec. Affine congruences and rational points on a certain cubic surface,
arXiv:1207.2685v2, 2013.
[Man71] Yu. I. Manin. Le groupe de Brauer-Grothendieck en ge´ome´trie diophantienne. In Actes
du Congre`s International des Mathe´maticiens (Nice, 1970), Tome 1, pages 401–411.
Gauthier-Villars, Paris, 1971.
[MV07] D. Masser and J. D. Vaaler. Counting algebraic numbers with large height. II. Trans.
Amer. Math. Soc., 359(1):427–445 (electronic), 2007.
[Pey95] E. Peyre. Hauteurs et mesures de Tamagawa sur les varie´te´s de Fano. Duke Math. J.,
79(1):101–218, 1995.
[Pey03] E. Peyre. Points de hauteur borne´e, topologie ade´lique et mesures de Tamagawa. J.
The´or. Nombres Bordeaux, 15(1):319–349, 2003. Les XXIIe`mes Journe´es Arithmetiques
(Lille, 2001).
[Sal98] P. Salberger. Tamagawa measures on universal torsors and points of bounded height
on Fano varieties. Aste´risque, (251):91–258, 1998. Nombre et re´partition de points de
hauteur borne´e (Paris, 1996).
[Sch79] S. Schanuel. Heights in number fields. Bull. Soc. Math. France, 107(4):433–449, 1979.
[SD62] P. Swinnerton-Dyer. Two special cubic surfaces. Mathematika, 9:54–56, 1962.
[Sie06] W. Sierpin´ski. O pewnem zagadnieniu z rachunku funkcyj asymptotycznych (On a prob-
lem of the theory of asymptotic functions). Prace Mat.-Fiz., 17:77–118, 1906.
[Sko55] Th. Skolem. Einige Bemerkungen u¨ber die Auffindung der rationalen Punkte auf gewis-
sen algebraischen Gebilden. Math. Z., 63:295–312, 1955.
Mathematisches Institut, Ludwig-Maximilians-Universita¨t Mu¨nchen, Theresienstr.
39, 80333 Mu¨nchen, Germany
E-mail address: ulrich.derenthal@mathematik.uni-muenchen.de
E-mail address: frei@math.lmu.de
